An algebraic characterization is given for those Cayley graphs for cyclic groups in which the neighborhood of any vertex is a cycle. A triangular imbedding is obtained for each such graph, either in the sphere, the torus, or the Klein bottle. The automorphism groups of these graphs are determined, and necessary and sufficient conditions are given for two such graphs to be isomorphic.
INTRODUCTION
Cayley graphs have been a central topic to topological graph theorists since Gustin [ 131, but much remains to be known about their imbeddings. White [20,2 1 ] and others view such graphs as a stepping stone to a comprehensive theory of graph imbeddings. The outstanding step in this direction is, of course, the Ringel and Youngs solution [ 171 to the Heawood map-coloring problem.
The "neighborhood" N(x) of the vertex x in a graph G is the induced subgraph spanned by the vertices adjacent to x in G. The neighborhood structure of G plays an important role in the imbeddings of G. For example, if G has a triangular imbedding, then every N(x) must contain a Hamiltonian cycle; and it is of interest to know what conditions on the neighborhood structure enable G to have a triangular imbedding [2] . One such condition is that every N(x) be a cycle.
We say G has "uniform neighborhood structure" N if every N(x) is isomorphic to the graph N. There has been much progress recently on problems concerning such graphs [4, 5, 8, 151 . Such graphs can be expected to have interesting imbeddings.
Since Cayley graphs have a uniform neighborhood structure which may be characterized algebraically (as are the graphs themselves), it is natural to consider those Cayley graphs with a fixed neighborhood structure N and to utilize that structure in obtaining imbeddings. We shall do this for Cayley graphs for cyclic groups, with neighborhoods N = C,, the cycle of length k.
The "circulant graph" G(rt, S) with symbol S (so named because its vertex-vertex adjacency matrix is a circulant) has as its vertices the.elements of the cyclic group Z,, and as its edges those unordered pairs {x, y} such that x -y E S, where 0 @ S = -S s 2, (that is, S is a subset of nonzero elements which is closed under taking additive inverses). Such graphs are familiar to geometers as "star-polygons" [6] . It is easy to see that G(n, S) is connected if and only if S generates the group 2,. Therefore the connected circulant graphs are precisely the Cayley graphs for cyclic groups, to which we restrict our discussion.
For k 2 3, let A, be the set of all connected circulant graphs with neighborhoods C,. We first characterize those symbols S for which G(n, S) E A,. Then we show how each such graph naturally triangulates the sphere, the torus, or the Klein bottle. We show that two such graphs G(rt, S) and G(rz, S') in A, are isomorphic if and only if S' = CS = { cx Ix E S} for some c E Zz, the group of units of the ring 2,. That is, the graphs in A, satisfy the conjecture of Adam [ 1 ] (also see [3] ).
We determine the automorphism groups of these graphs and discuss the tessellations determined by their triangular embeddings.
In the following, we often identify the integers 0, l,..., n -1 with their residue classes modulo n. It should be clear from context when equalities are between integers, or instead between elements of 2,. We write x -y if the vertices x, y are adjacent in the graph G. If X is a set of vertices, then (X) denotes the induced subgraph of G spanned by X. If X= {xi,..., x,}, we write (xi ,..., x,) for (X). We use the notation (xi,..., x,) for a path and (x 1 ,**a, xP, xi) for a cycle. Any graph-theoretic terms not defined here follow Harary [ 141. 
CONNECTED CIRCULANTS WITH CYCLE NEIGHBORHOODS
Here (1) is equivalent to the connectedness of G(n, S), and since N(x) z N(0) for all x E 2, in G(n, S), condition (2) is necessary and sufficient for the uniform neighborhood structure C,. Note that N(0) = (S), so 1 SI = k. We now obtain algebraic conditions on S equivalent to conditions (1) and (2) .
First, suppose that n = 2r and rE S.
Let a E S\{r} and a N r. Then r-a E S, so r + a = -(r-a) E S, and (a, r, r + a, a) is a C, in N(0). Therefore k = 3 and S = {r, a, r + a} = {r,a,-a}, so that r+a=-a or 2a=r. By (l), a generates Z,, but 4a=2r=O, so n=4, S= {1,2,3} and G(n,S)=K,. Henceforth we assume (3) does not hold. That is, if x E S, then x, --x are distinct elements of S. Thus 1 SI is even.
Suppose now that
For some a, fa and k2a are four distinct elements of S.
If 4a E S, then N(0) is the C,(a, 2a, -2a, -a, a), so k = 4, S = { fa, f2a}, and *3a & S. Also, 4a # a since 2a # -a. But 4a -2a, therefore 4a = -2a and 6a = 0. By (l), n = 6, S = {f 1, *2}, and we see that G(n, S) is the graph of the octahedron.
Suppose (4) holds, but 4a e S. Then N(0) contains the path (2a, a, -a, -2a) as an induced subgraph, so &3a, k4a & S. Let b E S where b f a and b -2a. Then b -2a E S, and N(0) contains the path (b, 2a, a, -a, -2a, -b) as an induced subgraph. Since b -2a --2a and b -2ab, we must have b -2a = -b. Then 2(ba) = 0, and since b # a, n = 2r for some integer r, where ba = r G S in 2,. Furthermore, N(0) is the C,(r + a, 2a, a, -a, -2a, r-a, r + a), where the elements a and r generate 2,. Now let S' = {fl,f2,rf l}cZ,.EitheraEZX andS=aS', or else a + r E 2: and S = (a + r) . S'. In either case, n = 2r and there is a unit c E 2: such that S = cS', so that G(n, S) g G(n, S') via the mapping x -+ cx. Also, it is easily checked that G(2r, S') E A, if and only if r > 6.
Henceforth we assume that neither of (3) or (4) holds. Suppose now that both a, 2a E S for some a. Then we must have 2a = -a, since a # 0 and (4) does not hold. Therefore 3a = 0, so n = 3m for some integer m, and {a, -a} = {m, -m} in 2,. Now a --a, and if a, -a in N(0) and a, # -a, then -a, --a. Continuing in this manner, we get a path (a, ,..., a,, a, -a, -a, ,..., -aJ in N(O), where S = {*a, &a, ,..., &a,}. But NO) = C2q+2, so a, --aq, hence 2a, E S. Since (4) does not hold, we conclude 2a, = -a,, 3a, = 0, and {a,, -aq} = {m, -m } = {a, -a}, which is absurd. Therefore (if neither of (3) or (4) holds), a E S implies 2a & S, and this implies a and -a are nonadjacent.
Let (aI ) a29*s.9 ad9 -a,) be a shortest path in N(0) joining some element of S to its additive inverse. Since x -y implies -x ---y, we have another path (-a,, -a2 ,.-, -ad, a,), where {a, ,..., ad} and {-a, ,..., -ad} are disjoint subsets of S. This implies that N(0) = (a, ,..., ad, -a, ,..., -ad, a,) and S = {*a 1 ,a**, &a,}. Now, a2a, E S and a2a, is adjacent to both a2 and -a,, thus a2 -a, =a,andd=3,sok=6andS={~aI,~a2,&(a2--a,)},where a, and a2 generate 2,. To simplify notation, let a, = a and a2 = b. We have shown that, if neither (3) nor (4) holds, then the conditions k = 6 and S = {&a, &b, k(ba) \ where a and b generate Z,, and none of 2a, 2b, 2(b -a), a + b,2a -b, 2b -a is in S (5) are necessary and sufficient that G(n, S) E A,. Indeed, we have shown that these conditions are necessary, for we showed N(0) = (a, b, b -a, -a, -b, ab, a) is a C,, and the elements excluded from S by (5) Conditions (6) are not obviously symmetric in a and b, but they are more useful than (5) in constructing the desired graphs, since we may first choose a subject to 2a # 0 # 3a and then choose b subject to the remaining conditions. In particular, conditions (6) are easily seen to be satisfiable for any integer n > 13. We now summarize our conclusions. 
TRIANGULAR IMBEDDINGS
Let G be any finite connected graph in which for every vertex X, the neighborhood N(x) is a cycle. (Here different vertices x may have different length cycles N(x).) Let {x, y} be any edge of G. Then N(y) is a cycle (x9 Zl ,**-, zP, x) of some length p + 1 > 3, and {x, y} is in the two triangles (x, y, z i , x) and (x, y, zP, x). If {x, y } were in another triangle (x, y, z, x) for z#zl,zP, then z-y so z = zi for some i f 1, p; but then N(y) contains the chord {x, zi} and so is not a cycle, contrary to hypothesis. Therefore every edge of G is in exactly two triangles.
Consider the abstract simplicial complex whose 2-simplices are the triangles of G, and whose I-simplices and 0-simplices are the edges and vertices of G. This complex may be realized as a geometric simplicial complex M(G) in Euclidean 5-space; since each l-simplex is in exactly two 2-simplices, and since the link of each O-simplex is a cycle, it is easy to see that M(G) is a compact 2-manifold with G as its l-skeleton. Proof. Let e, t be the numbers of edges, triangles in G = G(n, S). Then 6n = 2e = 3t, so the Euler characteristic of M(G) is n -e + t = 0. Therefore M(G) is either S, or N,. The theorem follows from consideration of the voltage graphs ( Figs. 1 and 2) . In these figures, the voltages also serve as labels showing which directed dges are to be identified. Thus Fig. 1 represents an imbedding in the Klein bottle of a pseudograph with one vertex and three loops bearing voltages 1, 2, and r + 1, and with two triangular regions around which the Kirchoff voltage law (KVL) holds. Figure 2 represents an imbedding in the torus of a pseudograph with one vertex, three loops (with voltages a, b, ba), and two triangular regions, for which KVL holds. AH voltages are in the group 2,. By the theory of Gross [9] , the imbedding of Fig. 2 lifts to an imbedding in the torus of the graph G(n, S) of Theorem l(d).
In Fig. 1 , the voltages CJJ are in 2, where n = 2r. The edges with voltages 1 and r + 1 carry weights ;1= 1 E 2, in the "generalized imbedding scheme" of Stahl [ 181. If r is odd, then the closed walk which uses the loop with voltage r + 1 once and the loop with voltage 2 a total of (r -1)/2 times is ptrivial but not J-trivial, so that (by Stahl's theory) the imbedding lifts to an imbedding in the Klein bottle of the G(n, S) of Theorem l(c) for r odd. When r is even, every q-trivial closed walk is A-trivial, so the imbedding lifts to one of G(n, S) on the torus.
For details on the theory of voltage graphs, see the papers of Gross and Tucker [ 11 J, Stahl [ 181, Stahl and White [ 191, and White [21] .
ISOMORPHISMS

AND AUTOMORPHISMS
Let G = G(n, s) E A,. Suppose 8 E Aut G, the automorphism group of G. If 6, fixes each vertex X, y, z of some triangle of G, then B must also fix the vertices of each triangle sharing an edge with the given triangle, and so forth. Since G is finite, connected, and every edge of G is in exactly two triangles, we see that 0 must fix every vertex of G, so 8 = id, the identity mapping. An immediate consequence is:
If G(n, S) E A, and 9 E Aut G, then 8 is determined by its values on the vertices of any triangle of G.
For c E Z,* and d E Z,, define TC,d : 2, + 2, by 7&&r) = cx + d.
The mappings TCvd form a group (under composition) isomorphic to the group of 2 x 2 matrices over 2, with top row c, d and bottom row 0, 1. Note that if CS = S, then TC,d E Aut G(n, S). Now suppose 8: G(n, S) -+ G(n, S') is an isomorphism between two graphs in A,.
If n = 4 or n = 6, then (by Theorem 1) S = S', 8 E Aut G(n, S), and this group is respectively either the (symmetric) group of K, or the group of the octahedral graph.
Suppose n > 6. If G(n, S) is of type (c) in Theorem 1, then for some cEZ,*, S' = CS and Tc: G(rz, S) --) G(n, S'), defined by T,(x) = CX, is another isomorphism.
Then 0. 7';' = a E Aut G(n, S), and we shall determine this group later in this section.
If G(n, S) is of type (d) in Theorem 1, then so is G(n, S'). 
In case (i) of (9), (p,q) and (p + 1,q -2) E J imply that (p + l,q) and (p+Tq+EJ, so by mathematical induction, (i) implies (p + m, q) and (p + m + 1, q -2) E J for all integers m 2 0. Therefore (i) implies that (iii) holds with p replaced by p + m, for any integer m > 0. Since (0, 1) and (1, -1) E J, we conclude that (p, l), (p,O), and (p + 1, -1) E J for all p>O. But (O,-l)EJ, so (p,q)EJfor q= 1,0,-l andp>O. Suppose ( p, q) E J for all p 2 0. If p > 0, then ((-p) a + qb)' = (p(n -l)a+qb)'=p(n-l)a'+qb'=(-p)a'+qb'; so (-P9 4) E J. Therefore (p, q) E J for all p E Z. We thus have (p, l), (p, 0), and (p, -1) E J for all integers p. Nowincase(ii)of(9),(p,q)and(p,q-l)EJimply(p+2,q-l)and (p + 2, q -2) E J. By mathematical induction, (ii) implies (p + 2m, q -m) and (p+2m,q-m-1) E J for all integers m > 0. Since (p, 0) and (P,-1)EJ fo r all p E 2, we get (p, q) E J for all p E 2 and all integers q < 0. But this easily implies (p, q) E J for all integers p, q, as was claimed. By (5), a and b (also, a' and b') generate 2,. Since 6'( pa + qb) = pa' + qb', the mapping 8': 2, + 2, obeys 19/(x + y) = P(X) + S'(y) for all x, y E 2,. Therefore 8' is an automorphism of the additive group (Z,, +), so that B'(x) = cx for some c E 2: and all x E 2,. In particular, S' = cS. Letting d = 0(O), we see that our initial isomorphism 8 is given by 8 = TC,d.
We have now answered when two graphs in A, are isomorphic; and putting S' = S, we have determined Aut G(n, S) for G of type First suppose 1' = 1. If 2' = 2, then 8' = id. Suppose 8' # id. Then necessarily, 2' = -1, (r + 1)' = -2, (r -1)' = r -1, (-2)' = r + 1 and (-1)' = 2, because the cycle (1,2, r + 1, r -1, -2, -1, 1) must map to itself. In this case (8')' is the identity on the triangle 0, 1,2 so (0')* = id by (7) . Since 1' = 1, 8' maps the cycle (1 + S) onto itself. But 0' = 0 and 2' = -1 determines 6' on (1 + S), and implies that 3' = t and (r + 2)' = r + 2. Also, since (r-1)' = r-1, 8' maps the cycle (r -1 + S) to itself; and 0' = 0, (-2)' = t + 1 determine 0' on this cycle, and imply that (T -3)' = r. We have shown that (r-3))'=r=3', so r-3=3 or r=6 in 2,. But n = 2r > 12, therefore (as integers), r = 6 and n = 12; and in Z,, , S = {f 1, k2, *5}. Examining Fig. 3 , we see that 8' agrees on the triangle 0, 1, 2 with the automorphism /3 = (2, 11)(3,6)(7, 10). Therefore, if 8' # id and 1' = 1, then n = 12 and 8' =/3. By similar reasoning, it can be shown that if 1' = 2, then n = 12, and 8' =p -T-,,, if (-l)'= 1 or @=T,,,-p-T-,,, if (-l)'=r+ 1 (=7). Next, it can be shown that if 1' = r + 1, then r must be even, and either 8' = Tr+ 1,o or else n = 12 and 8' = T,,* s j?. Finally, we dispose of the cases We have now determined Aut G for all G E A,. With the exceptions n = 4, n = 6, and n = 12, this group is Aut G(n, S) = { Tc,dj c E U(S), d E Z,}.
TESSELLATIONS
In Section 3, we saw that any finite connected graph G with uniform neighborhood structure C, triangularly imbeds in a natural way in a surface M(G). (Brown and Connelly [4] have prove the existence of such graphs for every k > 3. See also [8, 15 1 .) This imbedding is a "regular map" on M(G) in the sense that every region is a triangle, and exactly k triangles meet at each vertex. Such maps may be regarded as generalizations of the tetrahedron, octahedron, and icosahedron. If G is point-symmetric, this generalization is better. And if the automorphism group of the map on M(G) includes both the cyclic permutation of the edges around any region and the cyclic permutation of the edges meeting at any vertex, then we have an even stronger regularity, as in Coxeter [ 6, p. 1131 . The graphs G(n, s) E A, are point-symmetric, but are not usually regular in the stronger sense required by Coxeter. In graph imbeddings, it is not always the case that every automorphism of the graph is also an automorphism of the "map" of regions on the surface in which the graph is imbedded. However, since every triangle of G(n, S) E A, spans a region on M(G), Aut G(n, S) is the same as the automorphism group of the map of regions given by G on M(G). Therefore Aut G(n, S) may be regarded as a discrete group of homeomorphisms on the surface M(G).
The tessellations (3, 6) Though the tessellations of the torus given by the G(n, S) E A, are not usually so "regular" as the (3, 6) ,,,-tessellations, there are lots more of them. Let f(n) be the number of pairwise nonisomorphic G(n, S) of type (d) in Theorem 1. It is not difficult to use conditions (6) to show that f(n) 2 (n -13)/12. Sharper estimates can be given for f(n) depending on the factorization of n; for example f(n) > (n -11)/12 for n a prime. Explicit evaluation off(n) seems possible, but hardly worth the effort. In addition to the tessellations of type (d) of the torus, we have one of type (c) from G(4m, { f 1, &2,2m f 1)) for each integer m > 3 and one tessellation of the Klein bottle of type (c) from G(4m + 2, {f 1, k2, 2~2, 2m + 2)) for each m > 3.
